



































































































































Example 6 1
As an example we compute the maximum

of the function F R o R

F G 5
D

Ya
20

Yee 1
5 ek 1

N

I l l l l l l l
0 5 7

The function F is related to the Planckfunction

JCM Cah
asfexp k 1 1

which describes the radiation intensity of a

black body at temperature T as a functionof
the wave length R Cc is speed of light
h the Planck constant and K the Boltzmann
constant setting x a gives






































































































































Hal h FEI

Fa x so we get
F x 5 464 1 x3ekx

X ex D2
and F 1 1 0 if and only if

5 x e H D e 4 0

Substituting ti this is equivalent to
511 e t t

setting fft 54 e t we have to solve
the equation felt t C

we first show that 1 1 has a unique solution E
in Rao with t e 4,5

f t se t f'Ct I fort clogs
fit t is strictly monotonically increasing
on 0 log 5

As fed 0 fft t fer t eco logs
For t log 5 we have f Ct at

fft t is strictly monotonically
decreasing on log 5 as






































































































































fat t atmost on one point on

log 5 as

We compute

f 4 4.90 4

FC5 4 gs as

HH 4 so

f 5 5 CO

Intermediate value th It c 14,53 with

fCt f
set
9 i feupy.gg f'lH fk4 5e 4 0.09157

Ffg e 0.1008

thus the sequence to 5 tnt fetal converges
against t with the following error estimate

It tul E 0.101 Itu tu il
This way we obtain after a few iterations
t 4.965114 with an error 10 6

the solution of F x 0 is

X 0.2014052 I 10 7

or Am O 2014 k



6.2 Newton method

The Newton method for solving the equation
fly o uses the tangent at a value x

and iteratively replaces it with the interselian
with the x axis

Yn

x

Xue Xn fG
f xn

he 1N

f xn Xue xn flat O

yet f be defined in a closed interval D
and continuously differentiable with f'G to

for all e D For a well defined sequence
xn converging against a 3 c D we get

3 3 FM
ft f 7 o



In general this method does not need to

converge
Ya

fCx

I Xto Xz

The following Proposition describes a case

where the above sequence is convergent
Proposition 6.2

Let f a b R be a twice differentiable
convex function with flat co and flb so

Then
i There is exactly one Te Ca b with f 3 o

Ii Is x Ela b an arbitrary point with fed o
then the sequence

Xue Xu FAI
f xn

1 hen

is well defined monotonically decreasing
and converges against 3

Iii For f 7 c o and f G E K for all



xe 7 b one has for n 1 the following
estimate

line Xn I E 17 xnlfzkzlxu xn.it
Remark 6.2
i Analogous results hold if f is conkau
or if flat a and f b 20

ii The error estimate says that the Newtonmethod shows quadratic convergence
Is n l and Hu i xn 140 k then
13 xn l e lo 2k and with each iteration
the error halves

Proof of Prop 6.2

i As f x 30 for all xeca b the function f
is monotonically increasing on a b

Intermediate value theorem

a q c la b s t fcqt inffflxllxela.be so

If of a we get f 91 0 so f G so far x sq
f is monotonically decreasing on La at
and has no zero there



all zeros of f a b R are

on Cat b and as fcb so Cassumption
we get atleast are zero af f on Cab

Assume there are 2 zeros i 3 32
Mean value theorem

It c Cq 3 sit

f CH fl 91 ff so

thus also f'G so for all 3
f is strictly monotonically increasing
on 7 b and thus 7 is only zero

ii Let x E la b with ft o Then x 3
We prove by induction that the sequence

Xue ie xn fixed
f xn

satisfies fkn 0 and Texas xn tu EIN

h htt

From xn 3 we get f xn f 3 so

also
fqfx s o and thus xu E xn

Next we need to prove flint o



To this end look at the function
467 fix fkn f xn x xn

Due to the monotony of f we have

4 x f x f kn so far x Exn

As 41 1 0 we get 46730 for XE Xu

therefore
OE 4 Xna flint fun f xn x na xn

fGue
Xue 73

Thus Gn neux is monotonically decreasing
and bounded from below

LingXu x exists

But f x 0 thus due to uniqueness
of 3 x 3

I



Example 6.2
Let Ke N K 2 and a c Rso Consider the

function
f IR R fly XK a

We have f G Kx and f G K K 1 x
2

o

for X 30 so f convex

we can apply the Newton method
x ff x Kk ix 7

Thus for arbitrary Xo with xoksa the

sequence
Xn i K 1 xn t 9 ne N

converges against Fra If x Kaa then
x K za and the method still converges

Example 6.3
consider the function f Rt R f x 2 5

We observe

f 6 a 6x so far x 30
f is convex on K and fco 50 flakes

Thus we can apply Prop 6.2 to find a

root of f o



start with x 2

We have f 3 2 2

Xn xn XT 2xu53in 2

and X Xo Xo3_2Xo
3 2 2

2 23 212152 2.1 f 2.17 0.061 0
31212 2

Xz X 43 2537,22
2 I 2.173 212.1 5

3 2 2.0946

This approximation is accurate to four decimal
places

Example 6.4
consider f a IR ft X cosx

Then f G cos x 0 and fed ko f so

can apply Newton's method to solve

fCx 0 cos x x

We compute f I sin x so

Xut Xu Xu COSXu
i sinks

For Xo l fly o we get



X n O 75036387

Xz n 0.73911289
X O 73908513

4 O 73908513

very accurate after only a few steps


